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1 Introduction
$D$ $\lambda_{n}$ ; $De_{\mathrm{f}1,}.=\lambda_{\tau\iota}e_{n}$ ,










$\prod_{n=1}^{\infty}\lambda$7$\overline{n}^{S}|_{s=}$ O $=e^{tr(D^{-s}\log D)}|_{s=}$ O,
$|_{s=0}$ $s=0$





( $[6],[14]$ ) $\circ$ $T$ $T_{a}:T_{a}e_{n}=a_{n}e$n’ $a=(a_{1}, a_{2}, \ldots)$
$det_{D}T_{a}=e^{\Sigma\lambda_{\overline{n}}^{s}\log a_{1}}’|_{s=0}= \prod_{n=1}^{\infty}a_{n}^{\lambda_{\overline{n}}^{s}}|_{s=0}$ ,
$detDT_{a}=: \prod$n $a_{n}$ : : $\Pi$n $a_{n}$ :
$([2])_{\text{ }}x_{n}$. : $\Pi$n $x_{n}$ : $x_{n}$
$\frac{\partial^{N}}{\partial x_{i_{1}}\cdots\partial x_{i_{N}}}$ : $\prod_{n=1}^{\infty}x_{n};=:\prod_{n\not\in\{i_{1},..,i_{N}\}}.x_{n}:$,
$\lim_{Narrow\infty}\frac{\partial^{N}}{\partial x_{1}\cdots\partial x_{N}}\prod_{n=1}^{\infty}x_{l\mathrm{I}}..$ : $(= \lim_{Narrow\infty} : \prod_{n=N+1}^{\infty}x_{n}:)$ ,
$\lim_{Narrow\infty}\frac{\partial^{N}}{\partial x_{1}\cdots\partial x_{N}}$ : $\prod_{n-1}^{\infty}x_{n}:=1$ , (1)
([5]) $T_{a}^{*}f(x)=f(T_{a}x)$
$\lim_{Narrow\infty}\int_{\mathrm{R}^{n}}|\frac{\partial^{N}}{\partial x_{1}\cdots\partial x_{N}}x_{1}^{\lambda_{1}^{-s}}$ . . . $x_{N^{N}}^{\lambda^{-s}}|$7: $f(x)d^{N}x|_{s=0}$
$=$ $\lim_{Narrow\infty 7}4_{N}|$ : $\prod_{n=1}^{\infty}a_{n}$ : $|^{-1}f.(x)d^{N}x$ , (2)
$T_{a}$ (74 : $\Pi_{n}|a_{?\iota}|:=|det_{D}T_{a}|$ 1J
22
(1). $f$ (1) ?
(2). : $\Pi$n $x_{n}$ : $f$ ?
(1) $\mathrm{A}\mathrm{a}$ ( $\mathbb{R}^{n}$ $\mathbb{R}_{+}^{ll}=$ {(x1, . . . , $x\sim|x_{1}\geq 0,$ . , $x_{?}.,$. $\geq 0$ }
)




$\log\Gamma(1+x)=-\gamma x+\Sigma_{m\geq 2}$ (-1)m$\zeta(m)/mx^{\prime rll}$ ([9])
1Og $\prod_{n=1}^{\infty}\gamma(1+\lambda_{n}^{-s})=-\gamma\zeta$ (D, $s$ ) $+ \sum_{m=2}^{\infty}(-1)^{m}\frac{\zeta(m)}{m}\zeta$(D, $ms$),
$\gamma(s):\gamma(0)=0$
$N1? \int_{\mathrm{R}_{+}^{N}}(\frac{\partial^{N}}{\partial x_{1}\lrcorner\cdot\cdot\partial x_{N}}x_{1}^{\lambda_{1}^{-s}}, . .x_{N^{N}}^{\lambda^{-s}})e^{-(x_{1}+\cdots+x_{N})}d^{N}x|_{s=0}=1$,







$\exp(-\pi$ ( $\Sigma_{n}x$D) (1)
$\int$ $e-\pi$(x,Dx) $\prime Dx=\frac{1}{\sqrt{det\cdot D}}$ ,
(2)
: $d^{\infty} \omega:=\prod_{n=1}^{\infty}\sin\theta$,,d$\theta_{n}$ , : $d^{\infty}x:=r^{\nu-1}dr$ : $d^{\infty}\omega$ :,
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(5 ), (6 ) ([5])








$\zeta$ $\zeta(D, s)=tr(D^{-s})=\sum_{?1r}\lambda_{7\iota}^{-s}$ $s=0$
$D$ det.D
det.D $=e^{-\zeta’(D,s)}|_{s=}0$ $= \prod_{n=1}^{\infty}\lambda_{n}^{\lambda_{\overline{n}}^{s}}|_{s=0}$ ,
$([13])_{\text{ }}D$ $\lambda_{n}^{-s}$ \lambda
$((D, s)$




$=. \sum_{\lambda_{1}>0}\lambda_{n}^{-s}+$ $(-1)^{s} \cdot\sum_{\lambda_{n}<0}|\lambda_{n}|^{-s}$
,
24
$\#\mathrm{y}$ $-1=\exp(\pi i)$ $-1=\exp(-\pi i)$
$\zeta(D, s)$ 2 ([1]) $\zeta_{+}(D, s)$ , $(_{-} (D, s)$ $D$
$\eta-$




$( \pm(D, s)=\frac{\zeta(|D|,s)\pm\eta(D,s)}{2}$ , $\zeta$ ( $|$D $|$ , $s$ ) $=\eta$ (D2, $\frac{s}{2}$ ),
$\nu=\zeta(|D|, 0)$ , $\nu\pm=\zeta\pm(D, 0)$
$det(D)=(-1)^{\nu-}det\cdot|$D $|$ , $det\cdot|$D$|=det\cdot D+\cdot det\cdot D_{-}$ , (3)
$D \pm=\frac{|D|+D}{2}$ ,
([1], [15])
$D$ det.D ,. det.D
$\nu_{-}$
det.D $=\exp(t’r(D^{-s}\log D))|_{s=0}$




$D^{-S}=D_{+}^{-s}+(-1)^{-s}|$D$|-s,$ $e^{-i\pi s}-e^{\pi s}=-2i\sin\pi$ s,
detDT $D^{-s}$ $\mathrm{A}\mathrm{a}_{\mathrm{o}}$
$D$ $e_{n}$ : $De_{n}=\lambda_{n}e$n $T_{x},$ $x$ =(x1, $x_{2},$ $\ldots$ ) $T_{x}e_{n}=$





: $\prod$n $x_{n}$ :





1 $T=tI_{?}t>0;I$ : $\prod_{?\mathrm{z}}t:=t^{\zeta(D,s)}|_{s=0}=t^{\nu}$
$det_{D}tI=t^{\nu}$ ,
$det_{D}(T_{1}.T_{2})=det_{D}T_{1}\cdot det_{D}T_{2}$ , if $T_{1}T_{2}=T_{2}T_{1}$ ,
$tT=tI\cdot T$
$det_{D}(tT)=t^{\nu}det_{D}T$ ,
2 $(Te_{n}, e_{l}.,)=x_{n},$ (S $e_{n},$ $e_{n}$ ) $=\log x$n $t^{\gamma}\cdot(D^{-s}S)=$
$\sum\lambda_{n}\log x,$ ,
$det_{D}T=: \prod_{n=1}^{\infty}x_{n}:$ ,
$T=T_{x}$. $+N$, $oT_{e}N=NT_{x}.$ , $\lim_{narrow\infty}||$N$n||"=0$ ,
$det_{D}T=det_{D}T_{x}=: \prod$n $x_{n}$ :
$x\not\in H$ $oT_{e}$ ( $H$ )
$x_{n}=\lambda_{n}$ $T_{x}=D$ $T_{x}$ $D$
. $H$
$D$ $G=D^{-1}$ , \mu 7 $=\lambda_{n}^{-1}$ detDT detcT
: $\prod_{n=1}^{\infty}x_{n}:=,\prod_{\prime 1,=1}^{\infty}x_{7l}^{/\iota_{1}^{s}}’|_{s=0}$
$\zeta(D, s)$ $\zeta(G, s^{)})=tr(G^{s})(=\zeta(D, s))$ $\text{ }$





$\{H, G\}$ $H$ Schatten class
$G$ $\zeta-$ $\zeta(G, s)=t_{7}\cdot(G^{s})$ $s=0$
$G$
$\mu_{n},$ $e_{\tau \mathrm{z}}$ :
$Ge_{?l}$. $=l\iota ner\iota_{j},\mu 1\geq\mu 2\geq$ . $\llcorner>0$ , $H$ $\{e_{n}\}$
$x\in H$ $x=$ $(x_{1},$ $x$ 2, . . . $)\rangle$ x=\Sigma 7 $x_{n}e_{n}$
$X$ $E$ =
$D$ $E$ ( )
If $E$ ( ) $G$
$D$ $\{H, G\}$ ([10])
Connes spectrml triple spec-
tral triple ([4],[7])
$\{H, G\}$ ( )
1. : $\nu=\zeta(G, 0)$ .
2. $d:\zeta(G, .\backslash ’)$ .
3 $\cdot$ $det,.G,$ ( ( $G’,$ $-$ d/2).
$\sum\mu_{n}^{c}.e_{n}\in H,$ $c>d/2,$ $\mu_{?l}e_{n}d/2\not\in H$ 3 det.G
$\zeta(G, -d/2)$ $H=L^{2}$ (X)
$d= \frac{\mathrm{d}\mathrm{i}\mathrm{m}\cdot X}{m}$ , $m=\mathrm{o}\mathrm{r}\mathrm{d}\cdot D$ ,
$H$
$H$ $||||$ $x\in H$ $k-$





$e_{\infty}= \sum_{r\iota=1}^{\infty}\mu$ :/2 $e$n’ $e_{\infty,k}= \sum_{71,=1}^{\infty}\mu_{n}^{d/2}e_{n},k=\sum_{7\iota=1}^{\infty}\mu l+d/2e_{n}$,
$(^{\lrcorner},\infty\not\in H,$ $e_{\infty}\in W^{k},$ $k<0$ , $e_{\infty,k}\not\in W^{k},$ $e_{\infty},’\in W^{l},$ $l<k$ , (5)
$W^{k}\subset W^{l},$ $k$ >l
$H^{-}= \bigcap_{l<0}W^{l},$ $W^{k-0}=\cap W^{l}l<k$ ’ $H^{+}= \bigcup_{l>0}W^{l},$ $W^{k+0}=\cup.Wl>k$l, (6)
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$e\infty\in H^{-},$ $e\infty,’\in W^{k-0}$ $H\subseteq H^{-},$$W^{k\subset}W^{k}\neq\neq$
-0
$(H^{-})\mathrm{f}=H^{+},$ (W$k-0$ ) $\dagger=\forall V^{k}$+0
$H_{:}^{+}$ W +0
$H^{-}$ ( $f$inite), $H^{-}(\mathrm{O})$
$H^{-}(fi^{t}rl’ite)$ $=$ { $x= \sum_{rx=1}^{\infty}x$n $e_{r\iota} \in H^{-}|\lim_{narrow\infty}$ $\mu_{?1}^{-}$”x exists}, (7)
$H^{-}(0)$ $=$ { $x= \sum_{?\gamma=1}^{\infty}x_{n}e_{7l}\in H^{-}|\lim_{narrow\infty}\mu_{n}^{-}d/2x$ ,$x^{=0\}}$ ’ (8)
$W^{k-0}$ (f.inite), $W^{k-0}(0)$
$x\in H^{-}$ $\lim_{narrow\infty}\mu_{n}^{-d/2}x_{n}=t$
’z $=y+te_{\infty},$ $y\in H^{=}(0)$ , $y= \sum_{n-1}^{\infty}y_{n}e_{n},$ $y_{ll}’=x_{n}-t\mu_{n}^{d/2}$ ,
$x\in W^{k-0}$ (finite) $x=y+te_{\infty,k},$ $y$ \in W$k-0(0)$
$H^{-}(f\prime inite)=H^{-}(0)\oplus \mathbb{R}e_{\infty}$ , $W^{k-0}$ (finite) $=W^{k-0}(0)\oplus \mathbb{R}e_{\infty,k},$ $(9)$
$H^{-}(0)$ $H^{-}$ $H^{-}(f.i^{\prime r\iota\prime}ite)$
$H^{-}(0)$ $\mathbb{R}$
$x=y+tc_{\infty}’\in H^{-}$ ( $fi$nite) $t\neq 0$ $x_{n}=y_{n}+t\mu_{n}^{d/2}$









: $\prod_{/\iota=1}^{\infty}x_{n}:=t^{\nu}(det\cdot G)^{d/2}\prod_{n=1}^{\infty}(1+\frac{y_{n}}{t\mu_{n}^{d/2}})^{/\iota_{\iota}^{b}}’.|_{s=}0,$ (10)
$x=y+te_{\infty,k}\in W^{k-0}$ ($fi$nite), $t\neq 0$ $x=$
$\sum x_{\iota},e_{\iota,k},,=\sum x_{n}\mu_{ll}^{k}.e_{n}=\sum_{n}x$n,k $e_{n},$ $\sum$n $x_{n}e_{n}\in H^{-}$ (f.inite) $\text{ }$
: $\prod_{\mathrm{n}-1}^{\infty}x_{n,k}:=(det\cdot G)^{k}$ : $\prod_{ll=1}^{\infty}x_{n}:$ , (11)
28




$x_{?\iota}>0$ : $\Pi$n $x_{n}:>0$ ,
$|$ : $\prod_{n=1}^{\infty}x_{n}$ : $|=: \prod_{n=1}^{\infty}|$x$n|$ :, (12)
$x=\Sigma x_{rl}e,,$ $\in H\cap H^{-}$ ( $fi$nite) : $\Pi$n $x_{n}$ :
$\nu>0$ : $\Pi$,, $x_{n}:=0$
$\Pi_{n}(tx_{n})^{\mu_{n}^{s}}’=t^{\zeta(G,s)}\Pi$, $x_{n}$
: $\prod_{n=1}^{\infty}tx_{n}:=$ $t^{\nu}$ : $\prod_{n=1}^{\infty}x_{n}:$ ,
$x_{r\iota}$ ($p$ ) $x_{n}<0$
: $\prod_{n=1}^{\infty}x_{n}:=(-1)^{\nu-p}$ : $\prod_{n=1}^{\infty}|x_{n}|:$ ,
$\nu$ : $\Pi_{\iota},x_{?\iota}$ :
4
$. \frac{\partial^{N}}{\partial x_{i_{1}},1\cdot\cdot\partial x_{i_{N}}}$ : $\prod_{n=1}^{\infty}x_{n}:=:\prod_{j\not\in\{i_{1},\ldots,\prime i_{N}\}}x_{j}$ :
$\lim_{Narrow\infty}\frac{\partial^{N}}{\partial x_{1}\cdots\partial x_{N}}$ : $\prod_{n=1}^{\infty}x_{?\iota}:=1$ (13)
([5], [12] )
28
$|$ 1 $\int_{0}^{\infty}\frac{d}{dx}.x$c $e^{-x}‘ d\prime x=\Gamma(1+c)$





$\sum_{r\iota=1}^{\infty}\log(\Gamma(1+\mu_{n}^{s}))=-\gamma\zeta(G, s)+\sum_{m\geq 2}(-1)^{\tau\prime 1}’\frac{\zeta(m)}{m}((G, ms)$,




$\lim_{Narrow\infty}\int_{\mathrm{R}}$J$\frac{\partial^{N}}{\partial x_{1}\cdots\partial x_{N}}x_{1}^{\mu}$f, .. $x_{N^{N}}^{\mu^{S}}$ ) $e^{-x_{1}-\cdots-x_{N}}d^{N}x|_{s=0}$
$=1$ , $s=\gamma$(t), $\gamma(0)=0$ , (15)
$\gamma$
$f$
$sarrow 01\mathrm{i}\mathrm{n}1$ $/+N$ ( $\frac{\partial^{N}}{\partial x_{1}\cdots\partial x_{N}}x$pH. . $x_{N^{N}}^{\mu^{S}}$ ) $f(x_{1}, \cdot\cdot \mathrm{c}, xN)d^{N}x$
$=$ $f_{\mathbb{R}^{N}}f(x_{1}, \cdots, x_{N})d^{N}x$, $(1(\mathrm{j},)$
(15) $\mathbb{R}_{+}^{\mathit{7}1}$’
$L^{1}$ $L^{1,1}(\mathbb{R}_{+}^{n}),$ $L^{1,1}(\mathbb{R}_{+}^{\infty})$
$\bigcup_{n=1}^{\infty}\{f(x_{1}, \ldots, x_{n})e^{-\Sigma_{m>n}x_{m}}|f\in L^{1,1}(\mathbb{R}_{+}^{n})\}$ ,





$\int_{\mathbb{R}^{N}}|\frac{\partial^{N}}{\partial x_{1}\cdots\partial x_{N}}x_{1^{1}}^{\mu^{s}}|$ . $.x_{N^{N}}^{\mu^{s}}|e^{-\pi(x_{1}^{2}+\cdots+x_{N}^{2}}d^{N}x|_{s=0}$.
$=$
$\int_{\mathrm{R}_{+}^{N}}$
$( \frac{\partial^{N}}{\partial x_{1}\cdots\partial x_{N}}(2x_{1})^{\mu_{1}^{s}} . . (2x_{N})^{\mu_{N}^{s}})e^{-\pi(x_{1}^{2}+\cdots+x_{N}^{2})}d^{N}x|_{s=0}$,









$\lim_{Narrow\infty}\int_{\mathrm{R}^{N}}|\frac{\partial^{N}}{\partial x_{1}\cdot\cdot\partial x_{N}}x_{1}^{\mu}"\cdot\cdot x_{N^{N}}^{\mu^{S}}|e^{-\pi(x_{1}^{2}+\cdots+x_{N}^{2})}d^{N}x|_{s=0}=1$ , (17)
$W^{1}(\mathbb{R}^{\infty})$
$\infty$




$\int_{-\infty}^{\infty}e$\prec dxn $\int_{0}^{\infty}2^{\mu_{n}^{s}}e^{-\pi oe_{n}^{2}}dx_{n}|_{s=0}$ 1
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5
H $W^{k-0}$ (finite) $f$ $T_{a}^{*}f$
$T_{a}^{*}f(x)=f.(T_{a}x)$ , $a=$ ( $a_{1}$ , a2, . . . ), $T_{a}x=(a_{1}x_{1}, a_{2}x_{2}, \ldots)$ , (18)
$a\in H$ $T_{a}$ ( )
$H$ $a_{n}$ $=\lambda_{n}$ $T_{a}$ ( $H$
) $W^{1}$ ( $H$ $W^{-1}$ )
$\lim_{narrow\infty}\int_{\mathrm{R}^{n}}$ f x ($f\in W^{1}$ (R ) $\circ$
$\int_{-\infty}^{\infty}cx^{c-1}f(ax)dx=\int_{-\infty}^{\infty}|a|^{\mathrm{c}}cy^{c-1}f(y)dy$ , $y=ax$ ,
$f$ 2
$\lim_{narrow\infty}|7_{\mathbb{R}^{n}}\frac{\partial^{n}}{\partial x_{1}\cdots\partial x_{n}}x_{1^{1}}^{\mu^{l}}\cdots x_{n}^{\mu_{h}^{l}}|$I:$fd^{n}x$
$=$ $\lim_{r\iotaarrow\infty}\int_{\mathrm{R}^{n}}|$al $|^{-\mu_{1}^{s}} \cdots|a_{n}|^{-\mu_{n}^{\theta}}|\frac{\partial^{n}}{\partial y_{1}\cdots\partial y_{n}}y$r$s1|\cdot\cdot y_{n}^{\mu_{n}^{S}}|$ f $(y)d^{?\iota}y$ ,
: $\mathrm{I}$n $a_{n}$ :
$\lim_{narrow\infty}$ / $n| \frac{\partial^{n}}{\partial x_{1}\cdot\cdot\partial x_{n}}x_{1}^{\mu}’\cdots x_{n}^{\mu_{n}^{\epsilon}}|T_{a}^{*}fdx^{n}|_{s=0}$
$=$ $\lim_{\gamma\gammaarrow\infty}\int_{\mathrm{R}^{n}}|$ : $\prod_{n=1}^{\infty}a_{n}$ : $|^{-1}fdx^{n}$ , $(1^{\mathrm{t}}\mathrm{J})$
$T_{a}$ : $\Pi$,, $a_{n}$ :
$\lim_{narrow\infty}$ / $n| \frac{\partial^{n}}{\partial x_{1}\cdots\partial x_{n}}x_{1}^{\mu_{1}^{s}}$ . . $x_{n}^{\mu_{n}^{s}}|e^{-\pi(x,Dx)}ff^{l}x|_{s=0}= \frac{1}{\sqrt{det\cdot D}}$ , $(2())$
$x\in H$ : $\prod$n $x_{n}:=0$
$H^{-}$ (finite)
$e^{-\pi}$ \Sigma n2 $H^{-}$ ( $fi$nite) $\mathrm{A}\backslash$ $\mathrm{A}\mathrm{a}$ $x\not\in H$
$\sum_{n}x_{n}^{2}=\infty$ $H^{-}$ ( $fi$nite)
$e^{-\pi\Sigma_{n=1}^{\infty}x_{n}^{2}}=\{$
$e^{-\pi||x||^{2}}$ $x\in H^{-}$ (finite)\cap H




$\int_{W^{1/2-0(f^{inite})}}e^{-\pi(x,Dx)}Dx=\frac{1}{\sqrt{det\cdot D}}$ , (21)
$\int_{-\infty}^{\infty}e$\prec dxn $\int_{0}^{\infty}2^{\mu_{n}^{\epsilon}}e^{-\pi x_{n}^{2}}dx_{n}|_{s=0}$ |
$W^{k-0}$ (finite), $k<-d/2$ $\mathrm{A}\mathrm{a}(6^{1}$.
2 )
$1 \mathrm{i}\mathrm{r}\mathrm{n}_{?\iotaarrow\infty}\int_{\mathbb{R}_{+}^{n}}f$ (x)dnx ( $f\in L^{1,1}(\mathbb{R}_{+}^{\infty})$ ) $a>>$
$0,\cdot$ $a_{1}>0,$ $a_{2}>0,$ $\ldots$ $yn=a_{n}x_{n}$
$n1$r$\infty$ \sim Cn $( \frac{\partial^{n}}{\partial x_{1}\cdots\partial x_{n}}x_{\mathrm{l}^{1}}^{\mu^{\mathrm{g}}}\cdots x_{n}^{\mu_{n}^{s}}.)T_{a}^{*}f(x)d^{n}x$
$=$ $\lim_{?larrow\infty}\int_{\mathbb{R}^{n}}a_{1}^{-\mu_{1}^{s}}+\cdot$ . . $a_{n}^{-\mu_{n}^{s}}$ $( \frac{\partial^{n}}{\partial^{y_{1}}\cdots\partial^{y_{n}}}y_{1}^{\mu_{1}^{S}} . .y_{71}^{\mu_{n}^{S}})f(y)d^{n}y$,
: $\Pi$n $a_{n}$ :
$\lim_{narrow\infty}\int_{\mathrm{n}_{+}^{n}}$





$det_{G}T_{a}=: \prod_{n=1}^{\infty}a_{n}:$ , (23)
(22) $H_{+}=\{x\in H|x=(x_{1}, x_{2}, \ldots)\gg 0\}$
$H^{-}$ (finite)+={ $x\in H^{-}$ (finite)|x\gg 0}
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6 $1\mathrm{T}$
$a\in H^{-}(fin’ite),$ $a>>0$ $H^{-}$ ( $fi$nite), $H^{-}(finite)_{+}$
$Q(a),$ $Q(a, +)$
$Q(a)$ $=$ $\{x=(x_{1}, x_{2}, . . . )\in H^{-}(finite)||x_{n}|\leq a_{n}\}$ , (24)
$Q(a,$ $+)$ $=$ {$x=(x_{1}$ , x2, . . . )\in H-(finite)+|0\leq xn\leq a }, (25)
$Q(a, n)$ $=$ {$x=(x_{1},$ . . $\mathrm{t}$ , $x_{n})||x_{1}|\leq a_{1},$ $\ldots$ , $|$x$n|\leq a_{n}$ }, (26)
$Q$ (a, $n,$ $+$ ) $=$ {x=(xl, . . ’ $x_{n})|0\leq x_{1}\leq a_{1\mathrm{l}}\cdots$ 0\leq x $\leq a_{n}$ },$(27)$
$b>>0$ ; $b$ =(b1, $b_{2},$ $\ldots$ )
a $b=(a_{1}b_{1}, a_{2}b_{2}, \ldots)$ , $b^{(-1)}=(b_{1}^{-1}, b_{2}^{-1}, \ldots)$ , (28)
$a\in W^{k}$-0(finite) $W^{k-0}$ (finite)
$Q$ (a), $Q(a,$ $+)$ $\epsilon=(1,1, \ldots)\in W^{-1/2-0}$ (finite)
$Q$ (\epsilon ), $Q(\epsilon,$ $+)$ $W^{1/2-0}$ (flnite)
$Q(\epsilon,$ $+)$ 1
$\lim_{narrow\infty}\int_{Q(\epsilon,n,+)}1d^{n}x=\lim_{narrow\infty}\prod_{n}1=1$ ,
$Q$ (\epsilon ) 1
$\lim_{r\iotaarrow\infty}\int_{0}^{1}2^{\mu_{1}^{S}}dx_{1}\cdot\cdot\uparrow\int_{0}^{1}2^{\mu_{n}^{\delta}}dx_{n}|_{s=0}=\prod_{n=1}^{\infty}2^{\mu_{n}^{S}}|_{s=0}=2^{\zeta(G,s)}|_{s=0}=2^{\nu}$ ,
1 $t\epsilon=$ $(t,$ $t$ , . . . $)$ , $t>0$ $Q(t\epsilon, +)$ , $Q(t\epsilon)$
1
$\lim_{narrow\infty}\int_{0}^{1}t^{\mu_{1}^{\delta}}dx_{1}\cdot\cdot \mathrm{t}\int_{0}^{1}t^{\mu_{n}^{S}}dx_{n}|_{s=0}=t^{\zeta(G,s)}|_{s=}0$ $=t^{\nu}$ , (29)
$?Jarrow \mathrm{i}$\sim
$\infty\int_{0}^{1}(2t)^{\mu_{1}^{s}}dx_{1}d\cdot\cdot\int_{0}^{1}(2t)^{\mu_{n}^{\epsilon}}dx_{n}|_{s=0}=(2t)^{\nu}$, (30)
(28) $f$ $Q(b)(Q(b,$ $+))$ $T_{a}^{*}f$ $Q(a^{(-1)}\cdot b)$
$(Q(a^{(-1)}\cdot b, +))$
$\lim_{narrow\infty}\int_{Q(a,n)}f(x)d^{n}x$ $=$ $\int_{Q(a)}f(x)d^{\infty}x$ , (31)
$\lim_{narrow\infty}\int_{Q(a,n,+)}f(xf)^{f}x$ $=$ $\int_{Q(a,+)}f.(x)d^{\infty}x$ , (32)
34
$\lim_{narrow\infty}\int_{Q(a^{(-1)}\cdot b,n)}|\frac{\partial^{n}}{\partial x_{1}\cdots\partial x_{n}}x_{1^{1}}^{\mu^{S}}\cdot$ . $x_{?1}^{\mu_{n}^{\mathrm{S}}}|T_{a}^{*}f$ (x) $d^{7b}x|_{s=0}$
$=$ $\int_{Q(b)}|:,\prod_{1=1}^{\infty}a_{n}$ : $|f(x)d^{\infty}x$ , (33)
$narrow 1\mathrm{i}$” $\int_{Q}$(a(-l).b,n,+)
$( \frac{\partial^{n}}{\partial x_{1}\mathrm{J}\cdot\cdot\partial x_{n}}x_{1^{1}}^{\mu^{\mathit{8}}}\cdots x_{n}^{\mu_{\tau\iota}^{S}})T_{a}^{*}f(x)d^{n}x|_{s=0}$
$=$ $\int_{Q(b_{1}+)}$ : $\prod_{n=1}^{\infty}a_{n}$ : $f(x)d^{\infty}x$ , (34)
$Q$ (b), $Q(b,$ $+)$ $T_{a}$
$|$ : $\prod$n $a_{n}$ : $|^{-1}$
1 $T_{\mathrm{t}}x=tx$ $W^{-1/2-0}$ (finite) $T_{\mathrm{t}}Q(\epsilon, +)=Q(t\epsilon, +)$
$\int_{Q(t\epsilon,+)}1d^{\infty}x=\int_{Q(\epsilon,+)}$ : $\prod_{n=1}^{\infty}t$ : $1d^{\infty}x=t^{\nu}$ ,
(29)
2 $T_{a}Q(\epsilon, +)=Q(a,$ $+)$ : $\mathrm{I}$n $a_{n}$ :
$\int_{Q(a,+)}1d^{\infty}x=\int_{Q(\epsilon,+)}$ : $\prod_{n=1}^{\infty}a_{n}$ : $1d” x=: \prod_{n=1}^{\infty}a_{n}$ : $d^{\infty}x$ ,
$Q(a,$ $+)$ : $\mathrm{v}\mathrm{o}\mathrm{l}(Q(a,$ $+))$ :
: $\mathrm{v}\mathrm{o}\mathrm{l}(Q(a, +))=:\prod_{n=1}^{\infty}x$ : (35)
1 $\mathrm{t}_{a}$ $\mathrm{t}_{a}x=x+a$ $\mathrm{t}_{a}Q(a)=Q(2a, +)$
1 t
1 (30) (35)
$\int_{-\infty}^{\infty}f(x_{n})dx_{n}=_{a_{n}arrow\infty}1\mathrm{i}\mathrm{m}\int-anJa_{n}$ .(x$n$ ) dxn’
$\int_{-\infty}^{\infty}f(x_{n})dx_{n}=\int_{0}^{\infty}2^{\mu_{n}^{-}}f$(xn)dxn 1
35
2 $Q$ (a) $W^{k-0}$ (finite)
$\bigcup_{t>0}Q(ta)=W^{k-0}$ (finite),
$\lim_{tarrow\infty}\lim_{narrow\infty}\int_{Q(a,n)}f$ (x)dnx ( )
} $k$. $<-d/2$ (21) $(\exp(-\pi(x, Dx))$
$W^{k-0}$ (f.inite), $k<-d/2$ , ? )Wk-0 (f.inite)
$\mathrm{A}\backslash _{\mathrm{o}}$
7
$x=(x_{1}, x_{2}, \ldots)\in H,$ $||x||=r$ $x$
$x_{1}=r\cos\theta_{1}$ , $x_{2}=r\sin\theta_{1}\cos\theta$2, ... ,
$x_{n}$ $=$ $r\sin\theta_{1}$ . . . $\sin\theta_{n-1}\cos\theta_{n}$ , . . . $0\leq\theta i\leq\pi$ , (36)
$=x_{1}^{2}+\cdots+$
$x_{\gamma 1}^{\mathit{2}}.,$ $+$ ”.2 $\sin 2\theta_{1\mathrm{I}}\cdot\cdot\sin 2\theta_{n}$ $\theta_{1},$ $\theta$2, . . .





$\lim_{narrow\infty}\sin\theta_{1}\cdots\sin\theta_{n}=\prod_{n=1}^{\infty}\sin$ \mbox{\boldmath $\theta$}n=t (38)
$0\leq t_{\infty}\leq 1$
$H$ $\phi;-\pi\leq\phi\leq\pi$ $\theta_{1},$ $\theta_{2},$ $\ldots$
$y=rt_{\infty}\cos\phi$, $z=rt_{\infty}\sin\phi$ ,
$H$ ( $y,$ $z$)
$\overline{H}$
$=$ $\{(x, y, z)|x\in H\}\cong H\oplus \mathbb{R}^{2}$ , (39)
$\hat{H}$
$=$ $\{(x, y, z)|x\in H, \phi=\pm\frac{\pi}{2}\}\cong H\oplus \mathbb{R}$ , (40)
$(x, y, z)\in\overline{H}$ $||(x, y, z)||^{2}=||x||^{2}+y^{2}+z^{2}$
$\overline{\mathcal{F}I}$ ,
$\hat{H},$ $H$ $r$ $\overline{S}_{r}^{\infty},\hat{S}_{r}^{\infty},$ $S_{7}^{\infty}$. $r=1$
( ) $S^{\infty},$ $S$^oo, $\overline{S}$“
36
$\hat{H}\cong H\oplus \mathbb{R}$ $H^{-}$ (finite) 1
$\mathbb{R}=\{\pm t_{\infty}\}$ $\mathbb{R}e_{\infty}$ $([3])_{\text{ }}t_{\infty}= \prod_{n}\mathrm{s}$ in $\theta_{n}\neq 0$
$\theta_{n}=\pi/2+c\mu_{n}^{d/2}+o(\mu_{n}^{d/2})$ $x\in W^{k}$ , $k<0$ $c\neq 0$
$x$ $H^{-}$ (finite) Re
$x= \sum_{n}x$n $e_{n}\in H^{-}$ ($fi$nite) $x=y+te_{\infty},$ $t\in \mathbb{R},$ $y$ =
$\sum_{n}’./\iota_{\mathrm{z}l}e_{n}\in H^{-}(0)$ $c={\rm Res}_{s=d}\zeta$ (G, $s$ ) $\neq 0$
$.. \lim_{karrow+0}\sqrt{k}||x||_{-}k$ $=$
$\sqrt{\frac{|c|}{2}}|t|)$ (41)




$\int_{\mathrm{R}^{n}}|\frac{\partial^{n}}{\partial x_{1}\cdots\partial x_{n}}x_{1^{1}}^{\mu^{l}}$ . . . $x_{n}^{\mu_{n}^{s}}|f(x)d_{l}^{\mathit{7}l}x$ ,
$\int_{0}^{\infty}\int_{S^{n-1}}\gamma^{\mu_{1}^{s}+\cdots+\mu_{n}^{s}-n}.\sin\theta_{1}$ . . $\sin\theta_{n-2}\cross$
$\cross F_{n}(\theta_{1}, \ldots, \theta_{n-2}, \phi;s)f(x)\mathrm{x}$
$\cross rn-1\mathrm{i}\mathrm{n}n-\mathrm{s}2\theta_{1}$ ... $\sin\theta_{n-2}$drd$\theta_{1}$ ... $d\theta_{n-2}d\phi$
$= \int_{0}^{\infty}r^{\mu_{1}^{S}+\cdots\mu_{n}^{s}-1}dr\int_{S^{n-1}}f(x)|F_{n}(\theta_{1}, ..., \theta_{n-}2, \phi;s)|\cross$
$\cross\sin\sim\theta_{1}$d$\theta_{1}$ ... $\sin\theta_{n-2}+\mu_{n}^{s}-1$d$\theta_{n-2}$d$\phi$ ,
$F_{n}^{\urcorner}$ (\mbox{\boldmath $\theta$}1,. $\cdot$ . $(’\theta_{n-2}, \phi;s)$
$\mathcal{F}_{n}(x_{1}, \ldots, x_{n};s)$ $=$ $\frac{\partial^{n}}{\partial x_{1}\cdots\partial x_{n}}x_{1^{1}}^{\mu^{s}}\cdots x_{n}^{\mu_{n}^{\ell}}$
$=$ $\mu_{1}^{S}x_{1^{1}}^{\mu^{\mathrm{s}}-1}\urcorner\cdot\cdot\mu_{r\iota}^{s}x_{n}^{\mu_{n}^{S}-1}$
$x_{1}$ $=$ $\cos\theta_{1}$ , .. , , $x_{n-2}=\mathrm{c}.\mathrm{o}\mathrm{s}\theta_{n-2}$ ,
$x_{n-1}=\cos\emptyset$ , $x_{n}=\sin\phi$ ,
37
$H$
$\lim_{narrow\infty}F_{n}(\theta_{1}, \ldots, \theta_{n-2}, /;s)=F(\theta_{1}, \theta_{2}, \ldots ; s)$, (43)
$\theta_{1},$ . . $,$ $,$ $\theta_{n-2}$ $\theta_{1},$ $\theta_{2},$ $\ldots$
$F($ \mbox{\boldmath $\theta$}1, $\theta_{2,..1}$ ; $s)$ $S^{\infty}$ $\hat{S}^{\infty}$
$f\in W^{1}$ (R $\overline{H}$
$n arrow\infty 1\mathrm{i}\mathrm{I}\mathrm{n}\int_{0}^{\infty}r^{\mu_{1}^{s}+\cdots\mu_{n}^{s}-1}dr\int_{S^{n-1}}f(x)|F_{n}(\theta_{1}, \ldots,\theta_{n-2},\phi;s)|\mathrm{x}$
$\cross\sin\theta_{1}d\theta_{1}\cdots\sin\theta_{n-2}+\mu_{n}^{B}-1dfln-2d\phi$




, . . $x_{n}^{\mu_{n}^{8}}|$ f $(x)d^{n}x|_{s=0}$
$=$ $7^{r}r^{\nu-1}dr \int_{\overline{S}^{\infty}}f(x)|F(\theta_{1}, \theta_{2}, \ldots ; s)||_{s=0}\cross$
$\cross\prod\sin\theta_{k}d\theta_{k}\infty$ . $d\phi$ , (44)
$\overline{S}^{\infty},\hat{S}^{\infty}$
: $d \Omega:=\prod_{r\iota=1}^{\infty}\sin\theta_{n}d\theta_{n}\cdot d^{\phi}$ , : $d \omega:=\prod_{n=1}^{\infty}\sin\theta_{n}d\theta_{n}$ , (45)
$\hat{H}$
: $d^{\infty}x:=r^{\nu-1}dr$ : $d \omega:=r^{\nu-1}dr\prod_{n=1}^{\infty}\sin\theta_{?\iota}d\theta_{n}$ , (46)
$<$







$\lim_{narrow\infty}\int_{\mathbb{R}^{n}}|\frac{\partial^{7l}}{\partial x_{1}\cdots\partial x_{r\iota}}..x_{1^{1}}^{\mu^{s}}$ . . $x_{n}^{\mu_{n}^{s}}|f(x)d^{\prime \mathrm{t}}.x|_{s=0}$
$=$ $\int_{0}^{\infty}r^{\nu-1}dr\int_{\hat{S}^{\infty}}f(x)|F(\theta_{1}, \theta_{2}, \ldots ; s)|$ : $d\omega$ : $|_{s=}0,,$
$f(x)=e^{-\pi||x||^{2}}$
$\int_{\hat{H}}e^{-\pi||x||^{2}}$ : $d^{\infty}x:= \lim_{narrow\infty}/ne^{-\pi(x_{1}^{2}+\cdots+x^{\frac{}{n},})}’ d^{n}x=1$ ,
$J_{\hat{H}}^{e^{-\pi||}}$
E $||^{2}$ : $d^{\infty}x$ :
$=$ $\int_{0}^{\infty}r^{\nu-1}e-\pi r_{drJ_{\iota \mathrm{b}^{\mathrm{x}_{J}}}1\cdot|}^{2}$.F$(\theta_{1)}\theta_{2}, \ldots ; s)|$ : $d\omega$ : $|_{s=}0$
$=$ $\frac{1}{2}\frac{\Gamma(\nu/2)}{\pi^{\nu’ 2}}/\mathrm{s}"|$F(& $\iota,$ $(f\underline{‘)}$ , . . . ; $s)|$ : $d\omega$ : $|_{s=}0$ $=1$ ,
$\mathrm{p}_{\infty}|F(\theta_{1}, \theta_{2}, \ldots ; s^{1})|$ : $d\omega$ : $|_{s=0}= \frac{2\pi^{\nu/2}}{\Gamma(\frac{\nu}{2})}$ , (47)
$\hat{H}$ $\hat{S}^{\infty}$ $\hat{H}$
$\nu$
$\text{ }$ $\frac{\underline{9}\pi^{\nu/2}}{\Gamma(\nu/2)}\text{ }*\text{ _{ }}$
$\hat{S}_{r}^{\infty}$ : $\mathrm{v}\mathrm{o}\mathrm{l}(\hat{S}_{\mathrm{r}}^{\infty})$ : (46)
: $\mathrm{v}\mathrm{o}\mathrm{l}(\hat{S}_{r}^{\infty}):=\frac{2\pi^{\nu/2}}{\Gamma(\frac{\nu}{2})}r^{\nu-1}$ , (48)
$\nu$ , $lJ$ (48) $(\nu-1)-$
$\nu$ 0 (47) 0
$-4m>\nu>-(4m+\sim 9);\uparrow n$ 0 (48)
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